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Abstract

This paper develops a general framework for exploiting the sparsity information
in two-sample multiple testing problems. We propose to first construct a covariate se-
quence, in addition to the usual primary test statistics, to capture the sparsity structure,
and then incorporate the auxiliary covariates in inference via a three-step algorithm
consisting of grouping, adjusting and pooling (GAP). The GAP procedure provides
a simple and effective framework for information pooling. An important advantage
of GAP is its capability of handling various dependence structures such as those arise
from high-dimensional linear regression, differential correlation analysis, and differential
network analysis. We establish general conditions under which GAP is asymptotically
valid for false discovery rate control, and show that these conditions are fulfilled in a
range of settings, including testing multivariate normal means, high-dimensional linear
regression, differential covariance or correlation matrices, and Gaussian graphical mod-
els. Numerical results demonstrate that existing methods can be significantly improved
by the proposed framework. The GAP procedure is illustrated using a breast cancer

study for identifying gene-gene interactions.
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1 Introduction

Comparison of two high-dimensional objects that are measured under different conditions
arises in a wide range of scientific fields such as genomics, neuroimaging, astrophysics and
network analysis. Examples include identifying differences in the coordinates of two mean
vectors, detecting changes in the entries of two correlation/covariance matrices, and com-
paring the connectivity between two networks. One phenomenon that arises particularly
frequently in high dimensional data analysis is sparsity: out of a large number of features
most of them are noise, and only a few features contain information of interest. This article
focuses on large-scale multiple testing in a setting where both high-dimensional objects
(vectors, matrices, networks, etc) are individually sparse.

Statistically, these problems can be formulated as follows. For d = 1,2, let Y; ~
Pg, 5, be p-dimensional random vectors, where B3 € R are the parameters of interest
that are sparse, and g are nuisance parameters. Suppose we observe random samples
{Y1.4,---,Yn, a4} as independent copies of Yy, d = 1,2, where Y}, . g = {Yiq:1 < i <p}

and ng are the sample sizes. The goal is to test simultaneously the hypotheses

Ho;:Bii=PBi2 vs. Hi;:Bix1#Bi2, 1<i<m. (1.1)

We discuss a few examples before presenting the general framework.

Detection of gene-environment interactions. Recent research reveals that many com-
plex diseases result from the interplay between genetic make-up and exposures to environ-
mental risk factors (Hunter) 2005; |Caspi and Moffitt, [2006)). Identifying gene-environment
interactions can improve the understanding of many disease phenotypes, say, how an ex-
ternal environmental factor interacts with internal genetic factors to generate disordered
symptoms. When the environmental factor is binary such as smoking or alcohol status, the

interaction effects can be captured by a two-sample high-dimensional regression model:

Y, = pg+ X484 + €q, (1.2)



where d = 1,2 denotes the environmental condition, Y; = (Yl*d,...,Y;d 4)| are mea-

surements of phenotypes, pg = pugl’ are the intercepts, with 17 being a vector of ones,

Ba = (Bid,---,Pma)" are the vectors of regression coefficients, Xq = (X{ ,,... ,X;d )"
. . _ T
are the matrices of measurements of genomic markers, and €; = (€1,4,...,€n,4)" are ran-

dom errors. Interaction detection can be formulated as the two-sample multiple testing
problem (L.1), where Yy .q = {Y)"j, X,.a}" € R?, and By € R™ withm =p -1, d = 1,2,
are both individually sparse. The nuisance parameters ny include the intercepts pg, the

variance of €; and the distributional parameters of X .

Identification of sequentially activated genes. In microarray time-course experi-
ments, the identification of genes that exhibit a specific temporal pattern of differential
expression (DE) helps gain insights into the mechanisms of the underlying biological pro-
cesses (Storey et all |2005; Tai and Speed, [2006; Sun and Wei, 2011)). The expression levels
at the first time point usually serve as baseline levels and we expect that only a small
proportion of genes would exhibit DE from the baseline. Among DE genes in response to
treatment /intervention, some may be detected early while some cannot be detected until
the change reaches its peak. A sequential perturbation pattern can be revealed by testing
varied levels of DE genes between multiple consecutive time points, which can be formu-
lated as a two-sample multiple testing problem . Here Y; € RP with m = p are random
vectors recording genes’ measurements at times d = 1,2, the parameters of primary inter-
ests are the mean expression level after baseline removal, i.e., B35 = E(Yy) € R™, and the

nuisance parameters 1y include the covariance matrix of Y.

Analysis of differential networks. Detecting gene-gene interactions is a crucial step
for understanding how groups of genes act together in different biological processes. A
gene association network is a set of genes connected by edges representing their functional
relationships. Recent research showed that it is of great importance to study how the
association network structures change between two or more biological settings (Gill et al.l
2010)). To identify the set of genes whose connectivities have changed between two networks,

a two-sample multiple testing problem (1.1)) can be formulated to test the varied strengths



of associations between gene pairs in the two networks, where Yy ~ N(pq, £4) € RP with
the precision matrices Qg = 2(;1, Baq € R™ is the vectorized upper (or lower) off-diagonal
elements of Q4 with m = p(p—1)/2, and the nuisance parameters 94 include the means pg.
Both objects (networks) being tested tend to be very sparse. In Section @] we illustrate the

proposed method by analyzing a breast cancer study to identify gene-gene interactions.

1.1 Multiple comparisons with two sparse objects

In two-sample multiple testing, we are interested in making inference for §; = I(5; 1 # Bi2),
1 <4 <'m, where [(-) is an indicator function. The conventional approach would begin with
summarizing the data into a single vector of test statistics {T1,--- ,T),} for comparing the
coordinates of (31 and B3 and then choose a significance threshold to control the multiplicity.
This approach ignores the important feature of the two-sample inference problem that both
objects B1 and B3, are individually sparse. As a result, it suffers from substantial information
loss. This can be intuitvely seen as follows. Let Zy = {1 < i < m : ;4 # 0} denote the
support of By, d = 1,2, and Z = Z; U Zs the union support. Note that the cardinality of Z
is small if both 3; and B2 are sparse; hence information about Z can be potentially utilized

to narrow down the focus in multiple testing via the following logical relationship
i ¢ 7 implies that 6; = 0. (1.3)

In the setting of testing sparse normal mean vectors, [Cai et al. (2019) demonstrated in
a recent paper that conventional practice leads to inefficient procedures. It is shown that
an auxiliary covariate sequence can be constructed from the data to provide supplemen-
tary information and a data-driven procedure, which employs a covariate-assisted ranking
and screening (CARS) approach, achieves substantial power gain over existing methods.
However, CARS cannot be applied to dependent tests.

The goal of the present paper is to develop a new framework for two-sample multiple
testing with auxiliary information. An important advantage of the proposed framework is

its capability of handling a wide range of dependence structures such as those arise from



high-dimensional linear regression, differential correlation analysis, and differential network
analysis.

Our idea is to construct a covariate sequence {S; : 1 < ¢ < m}, in addition to the
primary test statistics {7; : 1 < i < m}, to capture the sparsity information, and then
incorporate the information in the testing procedure to improve the efficiency. In contrast
with conventional practice which only uses T; to assess the significance of the difference, we
aim to develop new methodologies that utilize m pairs of statistics {(7},.5;) : 1 <7 < m}.

Denote a multiple testing procedure by a binary rule § = {6; : 1 < ¢ < m} € {0,1}",
where 0; = 1 if we reject Hy; and 6; = 0 otherwise. In large-scale testing, the false discovery
rate (FDR, Benjamini and Hochberg), 1995) has been widely used as a practical and powerful

error criterion. For a given decision rule 8, the FDR is defined as

FDRs = E [W] : (1.4)

where z V y = max(x,y). To evaluate the efficiency of a testing procedure, we define the

power of decision rule 4 as the expected proportion of correctly rejected non-null hypotheses,

V5= E [Zz%ﬁ] . (15)

The next section discusses a general framework for FDR control with pairs of observations.

1.2 GAP: An Integrative Framework for Two-sample Sparse Inference

There are two key issues in the methodological development: one is to construct the pair
of test statistics (T}, S;) to capture the sample information accurately, and another is to
integrate the information in T; and S; effectively.

To illustrate the proposed testing framework, we first discuss a simple example and then
describe how the idea may be generalized to more complicated settings. Let Y; ~ N(8y,I),
where B4 = E(Yy) = (81,4, - , Bm,q) are the population mean vectors, and I is an identity
matrix, d = 1,2. Denote {Y1,.4,---,Y,.q} independent copies of Yy, d = 1,2, where

Yi.da={Yriq:1<i<m}, and n is the sample size. The population means are estimated



as Yi,d =n"! Y1 Yiid, 1 <i<m. To identify differential levels between 3; and 32, our
proposed framework suggests using the usual two-sample z statistic T; = \/g (}721 — }722)
as the primary statistic to assess the difference, and 5; = \/@ (1721 + 17;2) as the auxiliary
statistic to capture the information on Z (since a large |S;| provides strong evidence that
i € T). By construction, 7; and S; are independent.

Consider a multiple testing problem with pairs of statistics {(7},S;) : 1 <i < m}. The
main idea is to exploit the information in .S; to construct more efficient procedures. Our
proposed algorithm, detailed in Section operates in three steps: grouping, adjusting
and pooling (GAP). According to the logical relationship , the hypotheses become
“unequal” in light of S;. To reflect this heterogeneity, it is desirable to treat those more
likely to be on the union support differently from the rest. The first grouping step divides
all testing units into K groups based on .5;; this leads to heterogeneous groups with varied
sparsity levels. The second adjusting step adjusts the p-values to incorporate the structural
information revealed by grouping. The final pooling step combines the adjusted p-values
from all groups and chooses a threshold to control the global FDR at the desired level.

The GAP algorithm provides a simple and effective framework for exploiting the auxil-
iary information in the covariate sequence. We establish in Section [ the general conditions
under which GAP is valid for FDR control, and show in Section 4] that these conditions
are fulfilled by various dependency structures. Our numerical results demonstrate that the

performance of existing methods can be greatly improved by GAP.

1.3 Our Contributions

Multiple testing under dependency is an important problem that has been extensively
studied in the literature (Benjamini and Yekutieli, 2001} Sarkar, 2002; [Efron) 2007; |Sun
and Cai, [2009). While recent progress has been made towards utilizing external covariates
in multiple testing (Du and Zhang, 2014; [Liu, [2014; Scott et al., 2015} (Cai et al., 2019)),
most methods do not have a theoretical guarantee for FDR control under dependency.
This important issue is addressed by our proposed framework. We show that, under mild

conditions that are fulfilled by a class of models, GAP controls the FDR at the nominal



level asymptotically.

Liu| (2014)) proposed the uncorrelated screening (US) method and showed that it controls
the FDR and outperforms other methods. US first divides the hypotheses into two groups
based on a screening statistic, and then applies the BH procedure to unadjusted p-values in
both groups. Compared to US, GAP provides a more general and efficient framework for
information pooling. In addition to its capability of handling dependency, the GAP proce-
dure allows for more than two groups and hence captures the structural information more
accurately. Moreover, GAP utilizes adjusted p-values so that the heterogeneity between
groups can be exploited more efficiently. When pooling the testing results, the group-wise
FDR levels are adaptively weighted among groups by GAP; the adaptivity leads to valid
FDR control with much improved power. In contrast, US uses the same FDR across all
groups. The simulation in Section [5| demonstrates that the efficiency gain of GAP over US
via grouping and weighting can be substantial in many settings.

Our work also makes new contributions to multiple testing with groups. First, existing
methods for testing with grouping structure [e.g. |Efron| (2008); |[Ferkingstad et al. (2008]);
Cai and Sun| (2009); Hu et al. (2012)] have been mostly developed for the independent case
that do not have guaranteed FDR control when the tests are dependent. Second, existing
methods assume that the groups have been specified a priori. In contrast, GAP constructs
the covariate sequence from the original data and determines the groups adaptively to
maximize the power. Third, a major concern in |[Efron (2008) and (Cai and Sun (2009) is
that improper grouping may distort the null distribution of p-values and lead to invalid
FDR analyses. This concern has been addressed by GAP, which employs the conditional
independence principle to ensure proper grouping and validity in asymptotic FDR control.
Finally, GAP utilizes a novel weighting strategy (via normalizing), which enables the de-
velopment of a general theory for FDR control that can handle a wider class of dependency

structures compared to existing works on weighted FDR.



1.4 Notation and Definitions

We summarize the notation and definitions that will be used throughout the paper. We
follow the convention that v; stands for the i*! entry of a vector v and M; ; for the entry
in the i*" row and j*" column of a matrix M. For a vector Bq = (B1.4, -, Bmd)" € R™,
define the £, norm by |Bal, = (327, 18:.a]9)"/4 for 1 < ¢ < co. For a symmetric matrix M,
let Amax(M) and Apin (M) denote the largest and smallest eigenvalues of M, respectively.
For a set H, denote |#H| the cardinality of . For two sequences of real numbers {a,} and
{bn}, write a,, = O(by,) if there exists a constant C' such that |a,| < C|b,| holds for all n,
write a, = o(by,) if lim,,_,~ a, /by, = 0, and write a,, < b, if there are positive constants ¢

and C such that ¢ < a, /b, < C for all n.

1.5 Organization of the Paper

The rest of the paper is organized as follows. Section [2] describes the GAP procedure
and develops a general framework for information pooling in two-sample sparse inference.
Theoretical properties of GAP are established in Section This general framework is
further illustrated in Section 4] under several specific settings. In Section [5] numerical
comparisons with competitive methods demonstrate the merits of GAP. In Section [7], we
apply the GAP procedure to a breast cancer study for identifying gene-gene interactions.

The proofs and additional numerical results are given in the Appendix.

2 GAP: A General Framework for Two-Sample Inference

The GAP procedure for simultaneous comparisons of two high-dimensional sparse objects
is based on m pairs of test statistics {(73,5;) : 1 < i < m}. In Section we discuss a
few principles on how to construct the pairs. The GAP algorithm is described in detail in

Section Section [2.3] explains some key ideas to provide insights on why GAP works.



2.1 Constructing (7}, S;): Some Principles

Our proposed GAP procedure requires carefully constructed pairs (7;,S;). The roles of T;
and S; are different: T; is the primary test statistic to assess the significance of the difference,
and S;, which captures the sparsity information of the union support, is an auxiliary statistic
to assist inference. A simple example of the pair is given in the introduction. However,
the construction can be complicated in settings such as high-dimensional regression and
Gaussian graphical models. We discuss here the important principles; related technical
details are deferred until Section [}

First, we construct (73, S;) as standardized statistics so that they are faithful in reflect-
ing the true data structure and comparable across tests. Second, 7T; and S; need to be
asymptotically independent. The independence requirement guarantees that the null dis-
tribution of 7T; would not be distorted by incorporating .S; in the inference. This is crucial
for the validity of the proposed methodology. Specifically, we shall see that, in Steps 2 and
3 of the GAP algorithm, the Benjamini-Hochberg (BH, |Benjamini and Hochberg, [1995)
procedure is employed to control the FDR. BH assumes that the null distribution of the
p-value is uniform. If T; and 5; are correlated, then the grouping step would distort the

null distribution of the p-values, which would lead to an invalid FDR control.

2.2 The GAP Procedure

We now give a precise description of the GAP algorithm and explain its merits as a general
framework for information pooling. Let p; be the p-value associated with 7T; for testing Hy ;

vs. Hy ;. The GAP procedure consists of three steps: grouping, adjusting and pooling.

Step 1 (Grouping). Divide hypotheses into K groups to reflect the heterogeneity be-
tween testing units in light of S;. Let \g = —o0, —4y/Togm < A1 < Aoy < -+ < Ag_1 <
4y/logm and A\g = oo, where A = {\; : 1 <1 < K — 1} is a subset of points from a
regular grid X = {(j/N)ylogm : j = —4N,—4N +1,...,-1,0,1,...,4N — 1,4N},
with IV being a large integer. The corresponding groups are G; = {1 <i<m: \_1 <

S; < A}, for 1 <1 < K. The optimal choice of A will be determined in Step 2.



Step 2 (Adjusting). Define m; = |G|. Calculated adjusted p-values p}’ = min{p;/wy, 1}

itie G, 1 <1< K, where wy will be calculated as follows.

e [nitial adjusting. For a given grouping {G; : 1 <1 < K}, let m; be the estimated

proportion of non-nulls in G;. The group-wise weights are computed as

K . )L .
my mny
= E 1<I<K. 2.
Wi { 1—7?;} (1—7?‘5)’ - ( 6)

Define adjusted p-values as p{’ = min{p;/w;, 1} for i € G;.

e Further refining. We search among all possible A C X to determine the optimal
grouping (in the search we allow A to be an empty set, which means that we
only have one group). Specifically, for each A, combine adjusted p-values from
all groups and apply the BH procedure at level « to all adjusted p-values. Specif-
ically, denote pvﬁ) < <L p”(”m) the ordered adjusted p-values. The threshold is

chosen as

k =max{i : p() < ia/m}. (2.7)

The weights w; are computed using (2.6) based on the optimal grouping that

yields the most rejections.

This step up-weights the hypotheses from groups with higher proportions of signals,

and down-weight hypotheses from groups with lower proportions.

Step 3 (Pooling). Combine the adjusted p-values from all groups, where p{ are com-
puted from Step 2 based on the optimal grouping. To control the FDR at a global
level, apply BH (2.7)) again to all adjusted p-values {p{ : 1 <i < m}.

The following remarks explain GAP in more detail and address some technical points.

Remark 1 There is a tradeoff in the choice of the number of groups K. Ideally, S; should
be modeled as a continuous variable as done in Cai et al. (2019) to maximize the power.

However, it is difficult to achieve optimality under dependence. Our grouping step can be

10



viewed as a discrete approximation to the ideal solution. Having more groups is helpful
to reduce the approximation bias, whereas the algorithm becomes significantly slower and

tends to be less stable with too many groups. In practice, we recommend K = 3 or 4.

Remark 2 In Step 2 we need to estimate the non-null proportion for each group. The
sparsity estimation problem has been extensively studied in the literature; see Langaas
et al. (2005); [Meinshausen et al. (2006)); |Jin and Cai (2007) and |Cai and Jin (2010) for
recent developments. We use the method by |Schweder and Spjgtvoll (1982) and |Storey
(2002)) to estimate the non-null proportions, denoted by ;. The resulting weights are ad
hoc but will be justified in the next section. We use #; = (e V#}) A (1 —€) with e = 107° to
restrict the estimated proportion in the range [e, 1 — €]; this would increase the stability of
the algorithm. The procedure is robust to the choice of such €. Theoretically, for any e that
is larger than m~C for some constant C' > 0, the asymptotic FDR control in Theorem
below will always hold, as shown in the Step 1 from the proof of Theorem With e = 1075,

such C' can be any constant that is larger than 5log 10/ log m.

2.3 Some Insights on Why GAP Works

Before we rigorously establish the theoretical properties of GAP in Section [3] it is helpful
to provide some important insights on the merit of the grouping strategy adopted by GAP
as well as the weights used in GAP. The discussion here is informal as it is based on
existing theory for independent tests. The theoretical results given in Section |3| are for the
dependent case.

For multiple testing with known groups, the naive pooled analysis ignores the grouping
information and applies the BH procedure to all the tests combined. The pooled analysis is
inefficient and can even be invalid (Efron), 2008). Another natural approach is the separate
analysis, which first applies BH to individual groups and then combine all the rejected
hypotheses. This strategy is adopted by the US method proposed in Liu (2014). Although
the separate analysis is always valid, it is inefficient because a common FDR level is used
for all groups. To increase the power, one should adopt a more flexible strategy that allows

the FDR levels to vary across groups (Cai and Sun, [2009; [Hu et al., [2012).

11



The proposed GAP procedure adaptively chooses the group-wise FDR levels by utilizing
adjusted p-values. This weighting approach in GAP is superior to both pooled and sepa-
rate analyses as it incorporates group-wise information more effectively. Intuitively, GAP
increases the overall power by allocating higher FDR levels to groups where signals are
more common. Finally, it is important to emphasize that different from [Efron| (2008)), Cai
and Sun| (2009)) and Hu et al.| (2012)), GAP does not assume known groups. It constructs
its own covariate sequence and searches the optimal grouping to maximize the power.

Genovese et al.|(2006) and Basu et al.| (2017)) consider weighted multiple testing problems
and show that multiple testing procedures with proper weights can control the FDR, but the
power may be affected by the informativeness of the weights. A key step in our methodology
is the standardization of the weights via , which ensures that after all groups are
combined, the weights are always “proper” in the sense of Genovese et al. (2006). It
follows that the inaccuracy of the estimates would not affect the validity of GAP for FDR
control. Moreover, although proportion estimation is ad hoc, it should in general lead to
informative weights; this point is further explained and confirmed by our simulation studies.

We will consider the dependent case and show that GAP is valid for FDR control.

3 Theoretical Properties of GAP

In this section, we show that GAP guarantees FDR control asymptotically under regularity
conditions on the pairs (73, .5;). We verify in Section [4] that these conditions are fulfilled by
(T3, S;) that are carefully constructed in a range of important problems, including testing
multivariate normal means, high-dimensional linear regression, differential covariance or
correlation matrices, and Gaussian graphical models.

Denote {p¥ : 1 < i < m} the adjusted p-values determined by GAP and {p}‘;) 1< <

m} the ordered adjusted p-values. The false discovery proportion (FDP) of GAP is

2ieno 1P < D)

FDPcap =

12



where k% = max{i : Pl < ai/m}. Then FDRgap = E (FDPgap). The following technical

(%

assumptions on T; and S; are needed in our theoretical development. Let A, be a subset

of Ho with |A,| = o(m”) for any v > 0. Define Ho = Ho \ A, and n = ny + ny.

(A1)

(A2)

(A3)

Asymptotic Normality: For the primary test statistics {7;,7 € 7:[0}, there exist
two independent sets of i.i.d random variables {Zy;, k = 1,...,n1} and {Zy;, k =
ni+1,...,n} satisfying EZ; ; = 0 and Eexp(KZj ;) < oo for some K > 0, such that,

for any constant M > 0, there exists some b, satisfying b,, = o{(logm)~'/2} that,

0,4

T Var(Xp Zig)

> bm> = O(m™M).

Weak Dependency: Define (p; j1)mxm = Ri1 = Corr(Zy) for 1 < k < n; and

(pij2)mxm = Ro = Corr(Zy,) for ny +1 < k < n, where Zy, = (Zg1,..., Zkm)-
Then maxi<i<j<m |pijdl < pa <1 for some constant pg > 0 for d = 1,2. Moreover,
there exists v > 0 such that maxj<;<pm, |T'i(7)| < C for some constant C' > 0, where

Li(y)={j:1<j<m,lpijal > (logm)=277, for d =1 or 2}.

Asymptotic Independency: T; and S; are asymptotically independent under the

null, i.e. for any constant M > 0,
Pr,, (ITi] > 1,19i] = A) = (14 0(1))G(P(IN(0,1) + 55 > A) + O(m~ ),

uniformly for 0 <t < 4y/logm, 0 < A < 44/logm and i € 7:Lo, where s; = E(S;), and
for all 0 < j < 4N with fixed N,

Pro, (IT3] > t,1Si] < X)) = (1 +o())GOP(N(0,1) + si < Aj) + O(m™™),

uniformly for 0 < ¢t < 4y/logm and i € Ho, where Aj = (j/N)y/logm.

Remark 3 Assumption (A1) is mild, as it only requires that 7; follows a standard normal

distribution asymptotically. The assumption can be easily checked; see Section [4] for more

details. Assumption (A2) indicates that not many primary statistics are strongly correlated
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with each other. Our testing framework is very different from that in conventional two-
sample testing problems where one only needs to deal with the correlations between pairs
of p-values. By contrast, due to the existence of a sequence of auxiliary statistics, we need
to handle a more complicated correlation structure between pairs of (73, .5;). Thus the weak
dependence condition is slightly stronger, which we speculate could be further relaxed with
more sophisticated tools. Assumption (A3) is satisfied by our construction; see Propositions

and [3] in Section [4] for proofs.

Define S, = {i: 1 <i <m,|B;i1 — Bi2| = {(log m)Hp/n}l/?} . The next theorem shows

that GAP controls both the FDP and FDR at the nominal level asymptotically.

Theorem 1 Suppose for some p > 0 and some § > 0, |S,| > [1/(7/2a) + d](logm)3/2.
Assume that ny < ng and mg = |Ho| > cm for some ¢ > 0. Then under (A1) - (A8) with

logm = o(n'/%) for some C' > 5, we have

lim  FDRgap <a, and lim P(FDPgap <a+¢€)=1.

(n,m)—o0 (n,m)—00
for any € > 0.

Remark 4 The condition on |S,| is mild. It only requires that there are a few coordinates
with differential effects exceeding {(logm)'t?/n}!/? for some constant p > 0 among m hy-
potheses in total. A more precise definition of S, can be formulated by the standardized dif-

(o3 ,i,1+03u,i,2)1/2

ference between §; 1 and f; 2, namely, S, = {z :1<i<m, __ABia=bial > (log m)1/2+P} ,
where 0120’1-71 + 031,1',2 = Var(3_}_; Zki)/n? is defined in (A1), and will be discussed in detail

in Section [ under various settings.

We now turn to the power analysis. The next theorem shows that GAP dominates BH
in power asymptotically. Our simulation results in Section [5| indicate that the power gain
can be substantial in many settings. By applying the definition in (1.5)), the powers of GAP

and BH procedures can be calculated as follows

Upy = E

Zie?—[l I(pi < p(;;))
|Ha| ’

14



where k = max{i, p; < ai/m}, and

e, 1 (P} < Pliy)
|| ’

Vaap =E

where k% = max{i,pi(‘;) < ai/m}. The next theorem shows that the GAP procedure is

more powerful than the BH procedure asymptotically.

Theorem 2 Under the same conditions of Theorem |1, we have ¥gap > Wpy + o(1) as

m — oQ.

The previous theorem shows that GAP is more powerful than BH. To illustrate the
power gain in a more explicit manner, we present an example based on theoretical calcula-

tions under a simple model; more details are given in Section 77 in the Supplement.

Example 1 Consider a two-point Gaussian mixture model: Y4 ~ N(B4,1), d = 1,2, with
Bin =0for 1 <i<m, Bio=poforl <i<m,and B2 =0form +1<i<m.
The primary and auxiliary statistics are respectively given by T; = %(ng — Y1) and
S; = L(Yi,g +Yi1). Let tpy, derived in Section ??, denote the asymptotic threshold for

V2
the BH procedure. The asymptotic p-value threshold of GAP tgap is difficult to derive but
a conservative threshold ¢, defined in Section 7?7, may be obtained. Specifically, we show
that tgap > thy; hence t;; may be used in place of tgap to characterize a lower bound
on the power difference. The top and bottom rows of Figure [I] illustrate the powers of BH
and GAP as functions of ug and m = my/m, respectively. On the top row, we fix 7 = 0.1
and vary pg. On the bottom row, we fix g = 3.5 and vary w. The nominal FDR level is
0.1. We can see that GAP with the conservative threshold ¢}, controls the FDR below the
nominal level and outperforms BH in power. The power ratios in the third column show
that the auxiliary information is more helpful when signals are weak and sparse. We stress

that due to the difficulty in obtaining an explicit formula for tg4p, our result only provides

a lower bound. In practice when tg4p is used, the actual power gain may be even larger.
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Figure 1: Theoretical calculations for the asymptotic powers of GAP vs. BH. The more
conservative threshold ¢, has been used for calculating the FDR and power of GAP.

4 Construction of Primary and Auxiliary Statistics

The construction of (73, .5;) is a key step in our methodological development. We present
the construction in detail for testing multivariate normal means and high-dimensional linear
regression in Sections and respectively. The constructions for testing differential
covariance or correlation matrices and Gaussian graphical models are similar and are sum-
marized in Section [£.3] We show that the general conditions given in Section [3] are fulfilled

by the constructed statistics and hence GAP is valid for FDR control in these settings.

4.1 Multivariate Normal Models

Let Y7 and Y5 be two random vectors recording the measurement levels of the same m
features under two conditions, respectively. We assume that Yy ~ N (B4, 34), where B =
E(Yy) = (Bid - »Pma) denote the population mean vectors, and Xg = (05,4 : 1 <
i,j < m) the covariance matrices, d = 1,2. Suppose we have collected random samples
{Yi.4, -+ ,Yy, . a} asindependent copies of Yy, d = 1,2, where Y}, . g = {Y;a: 1 <i <m},

ng is the sample size in condition d.
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We use T; to capture the information on the difference. It is natural to start with
the sample difference Y7 — Y2 = (1/n1) 3301, i1 — (1/n2) Y02, Y. 2. Let o denote a
Hadamard product and k = (K1, , Km) a vector of weights. To extract information on
the union support, we focus on a class of linear combinations of the form 81 + Kk o 32, which
can be estimated as Y; + k o Y5. The weights «; should be chosen carefully so that the
pair T; and §; are asymptotically independent. If the true variances o;; ¢ are unknown,
the weights can be estimated as &; = (n267,)/(n167,), where 63 4 are the sample variances
(na) ' Y04, (Yeia — Yiq)?% d = 1,2. Finally, T; and S; are standardized to ensure the

comparability of the tests. Let &%u,i, q= 6?7 4/nd, we propose the following pair of statistics:

Yii—Yio Vi1 + /Yo
(T3, S) = | = s , — . T ) (4.8)
(012”,1‘,1 + 03,1,2)1/2 (Ugj,i,l + ”?Uz;,i,z)lm

It is easy to see that T; is asymptotically standard normal under the null. It follows that

the two-sided (approximate) p-values is p; = 2{1 — ®(|7;|)}. Moreover, T; and S; are
Bi1—Bi2

asymptotically independent as shown in the following proposition. Let t; = =]
w,i,1 w,1,2
and s; = — Bi1+kKiBi2

2 9
(Uw,i,l'*"% Uw,i,Z)

: 2 2 2 _ 9
7z with x; = <7w7i71/01m’2 and Oomid = Ui,d/nd'

Proposition 1 For any constant M > 0, we have
P(IT3 > t,18;] = A) = (1 + o(1))P(IN(0, 1) + & = )P(IN(0,1) + 55 > A) + O(m ™),

uniformly for 0 <t < 4y/logm, 0 < A < 4y/logm and i =1,...,m. Furthermore, for all
0 < j <4N with fixed N,

BT = ,1Si] < Ay) = (1+ o())P(N(0,1) + 8| = DP(IN(0,1) + 8] < Ay) + Om~),

uniformly for 0 <t < 4y/logm andi=1,...,m, where \; = (j/N)/logm.

4.2 High-dimensional Linear Regression
Consider the two-sample regression model 1) Let Xq = (X 4. .,X;d _g)" be the

ng X m data matrix, and Y = (Yf’:d, LY

)" be the ng x 1 data matrix, for d = 1, 2.
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Throughout, suppose that we have i.i.d random samples {Y,:d,Xk,.,d,l < k < ng} with
Xk,.a = (Xk1ds---,Xkm,a) being a random vector with covariance matrix 3, for d =1, 2.
Define E;l = Q4 = (wjjq). For any vector pug € R™, let p_; 4 denote the (m — 1)-
dimensional vector by removing the i*" entry from pg. For any n x m matrix Ag, Ai_jd
denotes the i'" row of Ay with its j* entry removed and A_; j 4 denotes the j column of
A, with its i entry removed. A_; _; 4 denotes the (n—1) x (m — 1) submatrix of A; with
its i'" row and j" column removed. Let A. _; 4 denote the n x (m—1) submatrix of A, with
the ;% column removed, A; . 4 denote the i row of Ay, A. ;4 denote the 5 column of A,
and A jqa=1/n> 0 Aija Let A _;40=1/n>" Ai a0, Aja= (Ajd - A ja)mxis

and A(~,fj,d) = (At—jvd’ N 7At—j,d);><(m—1)' Let Ad = 1/n Z?:l Ai,-,d-

4.2.1 Construction of the primary statistic

We divide the process into four steps, which are described below.
Step 1. Reformulation via inverse regression. We first explain the idea of inverse
regression (Liu and Luo, 2014; |Xia et al.l |2018). Suppose we swap the response vector with

one of the columns in the design matrix, then we obtain the following model
Xiia = g+ Yea Xe—id)Vid + Mhidd = 1,2, (4.9)

where vi g = (Viids- - Vimd) > and Mk ;4 has mean zero and variance o2

i q» and is uncor-

related with (Yk* 2 Xk,—id). The covariance between the old error term and new error term

can be calculated as

rig = Cov(end, Mkid) = —on, Bids
where 021_ .= ( Z2 a/ afd + wm-’d)*l. Hence the problem 1) can be equivalently stated as

Y

Hy; : 7“@1/072%‘1 = 7“@2/0’7212,‘2 versus Hy ; : ri71/0727i,1 =+ Ti,2/0727i72, 1<i<m. (4.10)

We shall see that the new formulation (4.10)) is instrumental because the ratios can be easily

estimated from data and enjoy good theoretical properties.
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Step 2. Estimating the ratios. Let Bd = (Bl,d; .. ,Bm,d) and Y50 = (Yi,1,ds - - - Vim,d)
be estimates of the coefficients using standard methods such as LASSO or Dantzig selector.

Then the corresponding residuals can be calculated as

éhd = Yia—Ya— (Xp.a— Xa)Ba,

Meid = Xiid— Xid— {Yied — Yo, (Xp—ia — X —id) } Yid-
The sample covariance and variances are given by

nq Nq nq

- -1 PPN ~2 -1 2 A2 -1 o)

Fid =g Y Ehdikid 00, =ng Y &g and by =ng' Y i
k=1 k=1 k=1

The ratios in (4.10]) can thus be obtained correspondingly.

Step 3. Bias correction. The empirical estimates 7; 4 in the previous step are biased

[this has been noted, for example, in |Xia et al. (2018))]. Some calculations show that the

following step can be used to remove the bias:
Fid = Fia + 62 Yitd + 572,2.@@@- (4.11)

Step 4. Standardization. The goal of this step is to make the estimated differences
comparable across tests. Consider the estimated ratios 7; 4/ 6%i .+ The corresponding vari-

ances Ji’i’d = (azd/(f?h_’d + Bzd)/nd can be estimated by &?Mi’d = ((362d/6,27i,d + B?’d)/nd. The

standardization step gives the following primary test statistic:

’f,ivl/(}%m B fi»Q/a-TQYi,z

(02,1 + 0012

T; = 1<i<m. (4.12)

4.2.2 Construction of the auxiliary statistic

Next we explain the main idea in constructing S;. To capture the information on the union
support effectively, we focus on ;1 + k; - B;2, or equivalently, a class of weighted sums

(ria/op, ) + ki(riz/op, ). The inverse regression technique can be used to obtain #; 4 and

2

6771, 4 To make the pair T; and S; asymptotically independent, we choose the weights as
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ki = &120,1',1 / &12,”-’2. Similar as before, we need to standardize the estimated weighted sums to
make the test statistics comparable. The variances of the weighted sums can be calculated
similarly as Step 4 in the previous subsection. Therefore we propose the following auxiliary

statistic
fi,l/@%m + (5121},1',1/5121;,1',2)(72%2/‘37271-,2)

{&?u,m(l + 5120,1‘,1/&30,@',2)}1/2

S; = . 1<i<m. (4.13)

4.2.3 Theoretical properties of 7T; and 5;

This section establishes two important theoretical properties that are crucial for proving
the validity of the GAP procedure in FDR control: (i) the asymptotic normality of T;
(Proposition [2) and (ii) the asymptotic independence between T; and S; (Proposition [3).

We assume that the estimators of B4 and «; ¢ satisfy

P(maxﬂBd — Balt, max [¥;q —vYial1} > an1> = O(m™M),
1<i<m
P(max{],@d — Bdl2, max |¥iq — Yidl2} > an2> = O(m*M), (4.14)
1<i<m

for any constant M > 0, where a,1 and a, satisfy
max{an1an2, a2} = of (nlogm)~2}, and an; = o(1/logm). (4.15)

Similar conditions are fulfilled by estimates obtained from standard high-dimensional re-
gression methods such as the LASSO, SCAD or Dantzig Selector with mild sparsity assump-
tions (see, e.g., Zhang and Huang| (2008)), |(Candes and Tao (2007)), Liu| (2013)) and Xia et al.
(2018)). The next proposition shows that 7; follows a standard normal distribution asymp-

totically; according to this proposition we define two-sided p-values as p; = 2{1 — ®(|T;])}.

Proposition 2 Suppose and ([4.15), and the following two conditions hold:

(C1) Assume that logm = 0(n1/5), n1 X no, and for some constants Cy,C1,Cy > 0,

Cot < Amin(24) € Amax(Q4) < Co, O < 02, < C1, and |Byloo < Co for d =1,2.
(C2) There exists some constant K > 0 such that maxva,(aTX]Iﬁd):lEexp(K(aTX,I’,yd)Q)
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and Eexp(Ke; ;) are finite.

Then, as ni,ng, m — 00,

fi
T; — = N(0,1
b (ohia o) 0D,
uniformly ini =1,...,m, where f; = (62 /o2 —1—531,71/072“71 —1)Bi1 — (62, /02, —1—67271_72 072,2,12 —

D)Biz and 52, = ng ' Y32 (ep.a — €ra)® and &5, = ng" 0L (Mhid — Tkia)® with &.a =

-1 ng — -1 ng
Mg~ D gl €kd and Mgid =ng D12 Mkid-

Remark 5 Note that under (C1), f; = {1+O0p(y/logm/n)}B;1—{14+O0p(\/logm/n)}p;2 =
Op(y/logm/n) max{|Bi1],|Biz2|} under the null hypothesis H; : Bi1 = Bi2. Furthermore,
the detailed convergence rate as required in (A1) is shown in the proof.

ﬁi,1+(012,,,i71/012,,,i,2)/3i,2

‘712”,1',1(1"“71211,1‘,1/‘7120,1‘,2)

distribution function of standard normal random variable. The next proposition shows that

Define s; = . Let G(t) = 2(1—®(t)) with ®(¢) to be the cumulative

T; and S; are asymptotically independent under the null H; o : 3;1 = B; 2.

Proposition 3 Suppose (C1), (C2), and hold. Then for any constant M > 0,

'

uniformly for 0 <t < 4y/logm, 0 < XA < 4y/logm and i =1,...,m. Furthermore, for all

7”1._

> 1S > A) = (1+0(1)GE)P(IN(0,1)+5i] = \)+O(m=M),

0 <j <4N with fired N,

'

uniformly for 0 <t < 4y/logm andi=1,...,m, where \; = (j/N)y/logm.

fi

(0-121;,1‘,1 +o '2)1/2

w,1,

T’i_

>t ]S < )\j> = (140(1))G(t)P(IN(0,1)+s;| < )\j)+0(m_M),

4.3 Covariance, Correlation and Precision Matrices

This section considers simultaneous inference with two sparse matrices. The ideas and

techniques in the derivation of T; and S; in the regression context carry over to the settings
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for two-sample inference of covariance and precision matrices. Hence we omit the details
and only outline the main steps in the derivation. Suppose we observe random samples
{Yi.4,---,Y,, . qa} as independent copies of Yy, where we denote the covariance matrix of
Y; by 35 = (Bija:1<1,5<p),d=1,2 The goalis to make inference of 6; ; = I(53; j1 #

Bijz2). The two sparse objects are By = (85 j.1)pxp and By = (8ij2)pxp-

4.3.1 Covariance/Correlation Matrices

Suppose we are interested in detecting significant correlations/covariances changes between
two populations. The problem can be formulated as a two-sample multiple testing problem

(1.1) with By = 3. Define the sample covariance matrices

. 1 &

(Bija)pxp = Ba = " (Yia — Ya)(Yia — Ya)
k=1

s 1 ng . A A . . .
where Yy = g 2aket Y . We standardize f3; ;1 — fBij2 by estimating the variances as

introduced in |Cai et al. (2013), namely,

1 2 2 1 X
6= 3 [ Yiia = Yid) Yiga = Yia) = Bija| » Yia=— Yiia
" k=1 d 125
Then we define the primary test statistics by
T, = DB ooy (4.16)

i, — ’
( 1+ zg2)1/2

To capture the information on the union support, we focus on f3; j 1 + k; j - B; ;2. To make

T; and S; asymptotically independent, we choose the weights as &;; = a il /62 . ,, which

%,7,27

leads to the following auxiliary statistic

Bija +(67,1/67;9)Bij.2
{67,0(0462;1/6%;2)}/?

Sij =

For notational consistency, we rearrange the two-dimensional indices {(7,7) : 1 <i < j < p}

as {(a;,b;) : 1 <i<m}, where m = p(p+ 1)/2. Then the primary and auxiliary statistics
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can be denoted

A, _ A, 3. + (62 ../62 . 2.
7= — Bi1 Afz’z , and S; = Af“ ( wggl/ “’;;’2)5“2 1<i<m, (4.17)
(Jw,i,l + O-w,i,2)1/2 {‘7%1’,1(1 + Uw,i,1/0'w,i,2)}1/2

where (34 = Ba, .0 and 63, ; 4 = 65 4, o
For testing the correlation matrices, we have By = D;l/ 2EdD;1/ 2, with Dy being the

diagonal matrix of 3;. The primary and auxiliary statistics can be constructed based on

By = >kt Veasd = Yaua) Vepid — Yo,,a)
O Vkand = Yaya)® D ont (Yepsd — Yo,.0)2 /%

where (}120,1‘, 4 are the variance estimates of the above defined Bi,d as introduced in the de-
nominator of equation (5) of Cai and Liu| (2016)). In the correlation matrix testing scenario,
we have m = p(p — 1)/2 because only off-diagonal elements are of primary interest. For
both settings we can similarly show that {(7;, S;),1 < i < m} satisfy (Al) and (A3) in
Section [3[ under the regularity conditions as described in |Cai et al.| (2013), and the detailed

proof is shown in Section 77.

4.3.2 Gaussian Graphical Models

Suppose that Yy € RP ~ N(pg,34), then under the Gaussian Graphical Model (GGM)
framework, we translate the problem of identifying changes of conditional dependency be-
tween variables of interest into testing the off-diagonal elements of two precision matrices

Q= Zgl, namely, we have By = €4, and one wishes to test
Ho,ij: Bija = Bijz versus Hiij: Bija # Bije, 1<i<j<p.
We utilize the inverse regression models to estimate €24 as studied in Xia et al.| (2015), i.e.,

Yiia = Qia+Yi_iavieteria, (@E=1,....p k=1,...,n9), (4.18)
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where €54 ~ N(0,0;; 4 — Eiy,@dzj i q2—iid) (d=1,2) are independent of Y}, _; 4, and

G d = id— Ei,—i,dz:l‘l7_i,dﬂ—i,d~ The regression coefficient vectors 7y; 4 and the error terms

€ki,d Satisty ;4 = —w;idﬂ_md and 7; j 4 = Cov(€gid, €k jd) = o t};z}jj —. We construct the
debiased estimators of r; j 4 by 7 j.4 = —(Tij.d + Tii,aYVijd + TjjdVj—1,,d), for 1 <i < j <p,

~ - . . - 1 n “ ~ ~ =,
and 74 = Tija when i = j, where 74 = ;=3 %, €kidfhjds €hid = Yiid — Yid —

(Yi—ida — Y. _ia)Yid, and 4; 4 are estimators of =; 4 that can be obtained via Lasso and

Dantzig selector. The primary test statistics can be constructed as

Figa/(Fiiifija) — Tija/(Fiiafjs2)
(6350 +0752)"/7

Tij = , 1<i<j<p,
where 6§jd =1+ ’yizj atiid/Tj5.4)/ (NdTiidrjj.q4) are the estimators of the variances. The
auxiliary statistics are constructed as

 Piga/(Piantyga) +(6751/67 00 g2/ (Fii 2ty j2)

{67,0(1+62;,/6%;2)1°

2
&

Rearranging the two-dimensional indices {(7,75) : 1 < i < j < p} and setting {(a;,b;) : 1 <

i < m}, the primary and auxiliary statistics can be denoted

. 3‘71 + (3'2 . 6'2 ; B’Q
SO 1 ek R N Sk VAT 8 R Y PR PR
(Capin T 00i2) it (L + 0011/ 0050)}

where m = p(p — 1)/2, Bia = Ta;pi.d/ (Tas,aiT,b;) and &i,z‘,d = &2i,bi,d' Again, it can be

shown that {(7},5;),1 < i < m} satisfy (Al) and (A3) in Section [3| under the regularity

conditions described in Xia et al.| (2015]).

5 Simulation studies

We now turn to the numerical performance of the GAP algorithm. Simulation studies
are carried out to compare the performance of the following methods: (a) The BH pro-
cedure (naive pooled analysis), denoted by BH. (b). Separate analysis (grouping without

weighting) with 2 and 3 groups, denoted by 2G and 3G respectively. (c). The proposed
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GAP procedure with 3 groups, denoted by GAP. We present the results for weakly depen-
dent tests and high-dimensional linear regression in Sections [5.1] and [5.2} respectively. The

results for Gaussian graphical models are provided in the Supplementary Material.

5.1 Weakly Dependent Tests

We simulate two vectors of correlated z-values of dimension p = 2000 from Y 4 ~ N (84, X),
d = 1,2, from the following three models, where three covariance matrices >, =3 and

>®) are considered, respectively.
e Model 1: (1) = (O'Z-(})) where a( ) = 0.8~ for 1 < i ,J <m.

o Model 2: S = (01?), where 0% =1, 0{') = 0.5 for 3(k — 1) +1 < i # j < 3k,
k=1,..,[m/3], and a( ) = 0 otherwise.

9 =1, 0¥ = 0.5% Bernoulli(1,0.05) for i < j and

e Model 3: £*) = (¢ 1,53)) where o; (
*(3) = ( ). For positive definiteness, further let 3®) = (2*G®) 1+ 61)/(1 + §) with

5= |)\mm(§]* )| + 0.05.

The mean vectors B4, d = 1,2, are generated as follows. We first set 3; 1 = 3, 8,2 = 3 for
1<¢<50, Bi1 =3, Bip=—p for 51 <14 <100, then vary 5 with values 6.5,7.0,7.5, 8.0,
and finally apply different methods at FDR level a = 0.05. Empirical FDRs and powers are
estimated based on 200 replications. The standard error of the estimated FDR for GAP is
stable and is around 0.02 in all settings. Hence we feel that using 200 replications should
to be sufficient for reaching a reliable conclusion. The FDR and power comparisons are

illustrated in Figure 2l We make the following remarks based on the simulation results.

(a). The three plots in the left column show that all methods control the FDR reasonably

well in all three settings.

(b). The power of BH can be greatly improved by 2G, which exploits the information in

the auxiliary sequence.

(c). The power of 2G can be further increased by 3G and GAP.
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(d). GAP has smaller FDR level and similar power compared to 3G.

(e). To further illustrate the difference between GAP and 3G, we adjust the FDR levels
of GAP according to the ratios of the empirical FDRs for GAP and 3G, and then
match the corresponding powers of GAP and 3G at roughly the same FDR level.
The results are displayed in the three plots in the right column. We can see that
GAP outperforms 3G in power under this new setting where the FDRs are matched
at roughly the same level; this indicates that GAP has greater power than 3G at the
same FDR level.

Remark 6 GAP utilizes a standardization step in its operation. This standardization
step, which guarantees the FDR control, tends to lead to more conservative FDR levels as
observed in our simulation studies. This normalizing step is desirable as it guarantees the
validity of GAP for FDR control in more complicated situations such as high-dimensional
regression models and large GGM. As we shall see in later simulation studies on GGM, 3G

fails to control the FDR but GAP still works.

5.2 High-dimensional Linear Regression

Consider the two-sample regression model (1.2)). The following three models considered in
Xia et al| (2018)) are used to generate the design matrices. Let D = (D; ;) be a diagonal

matrix with D;; = Unif(1,3) fori =1,...,m.
e Model 1: Q*(1) = (wzgl)) where wzgl) =1, wzgl = wf&{i = 0.6, W:EEQ = w;(_IQ)Z =0.3
and wzgl) = 0 otherwise. Let Q1) = D/2Q*(1) D1/2,
e Model 2: Q*®) = (WZS‘2)) where wzgz) = w;?) = 0.5 for i = 10(k — 1) + 1 and

10(k — 1) +2 < j < 10(k —1) +10, 1 < k < m/10. P = 0 otherwise. Let

Q@ = DV2(Q*@ £ 61)/(1 + 6)DY? with § = [Ain (2*@)] + 0.05.

o Model 3: *®) = (¥} where w® = 1, 0] = 0.8 x Bernoulli(1,2/p) for i < j and

I =W Let Q¥ = DV2(Q*®) 1+61)/(1+6) D2 with § = [Amin(2°®))| +0.05.
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Figure 2: FDR, Power and adjusted Power comparisons on weakly dependent normal vec-
tors between BH, 2G, 3G and GAP.
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The design matrices are X, q, for K = 1,...,n4 and d = 1,2, generated with some of the
covariates being continuous and the others being discrete. We first obtain i.i.d samples
Xid ~ N(0,2U)) with =) = (QU)~1 for k = 1,...,nq, with f = 1,2 and 3, from
three models above, and then replace I covariates of X}, . 4 by one of three discrete values
0, 1 or 2, with probability 1/3 each, where [ is a random integer between |m/2| and m.
Let m = 200 and s = 15. We randomly select s nonzero locations to form set Ay =
{k1,...,ks}. Let Br,1 = 2i®°n]® and By, 2 = 2.5:%n,° for i = 1,...,(s/2], Br1 =
—2i%%n % and By, 2 = —2.5i"%n;® for i = [s/2] +1,...,s, with a = 0.05,0.1,0.15 and
0.2. Finally, we randomly select s nonzero locations respectively to form A; and As. Let
Brin = —2i%9n® for k; € A1\ Ag, and B, o = 2.5i%%n;* for k; € Aa\ Ag. The sample sizes
are taken to be n = n; = ng = 200. The reported FDR and power levels are calculated
by averaging the results based on 50 replications. The regression coefficients B and «; 4
are estimated by Lasso; see Section 5.1 of |Xia et al. (2018]) for a detailed description of
the estimation procedure. We then construct the primary and auxiliary statistics based on
estimated coefficients and apply different methods at the nominal FDR level o = 0.05.
The FDR and power comparisons are illustrated in Figure Similar conclusions can
be drawn as before base on the simulation results: all the methods control the FDR at the
pre-specified level; the power of BH is improved by 2G, which is further improved by 3G;
and GAP is the most powerful method. It is important to note that GAP simultaneously

has smaller FDR and larger power than 3G in all settings.

5.3 Simulations on Gaussian Graphical Models

We consider additional simulation comparisons on Gaussian Graphical Models in this sec-
tion. The following four methods are studied: (a) The BH procedure, denoted BH. (b).
Separate analysis (grouping without weighting) with 2 and 3 groups, denoted 2G, 3G. (c).
The proposed GAP procedure with 3 groups, denoted by GAP.

Let D = (D;;) be a diagonal matrix with D;; = Unif(0.5,2.5) for i = 1,...,m. We

considered the three graphical models as studied in [Xia et al.| (2015).

e Model 1: Q*(1) = (wzgl)) where wzgl) =1, w;kgr)l = w;(rll)l = 0.6, w:£1+)2 = W:Sz)z =0.3
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Figure 3: FDR and Power comparisons on regression models between BH, 2G, 3G and
GAP.
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and w; ) = 0 otherwise. () = D21 D2,

o Model 2 2°®) = (W'?) where w;'? = wi® = 0.5 for i = 10(k — 1) + 1 and

;E‘Q) = 0 otherwise. Q2 =

10(k—1)+2<j<10k—-1)+10,1 <k < p/10. w
D'2(*?) 1 61)/(1 + 6)D'Y/? with § = |Amin (2*P)] + 0.05.

e Model 3: Q*0) = (w%(g)) where w:(g) =1, w'® = 0.8 x Bernoulli(1,0.05) for i < j

1,J ) OV

and ) = w ¥ QB = DV2(Q*®) 4 61)/(1+6)DY/? with § = [Ain(2°®))| +0.05.

71’ Z?]

We let QF = Q6) = (wl(‘?) for s = 1,2,3, and construct €25 by removing half of the
nonzero entries in {27 and setting the rest have magnitudes half of the original values. Let
0 = |Amin(25)| + 0.05, and set 1 = Q] + 61 and Q9 = QF + 6I. We select the dimension
p = 50,100 and 200, and set n = n; = ny = 100. The nominal level is chosen to be o = 0.1.
Empirical sizes and powers are estimated based on 50 replications.

The FDR and power comparisons are illustrated in Figure We can see from the
figure that most of the methods control the FDR at the pre-specified level well, while the
3G method has serious FDR distortions in Models 2 and 3. Figure [4] also shows that the
power difference is very clear among these four procedures, and in all three models, the
GAP procedure shows the clear advantage over BH, and 2G across all dimensions, and it

has similar power performance as 3G. However, the power gain of 3G is due to the inflation

of its FDR.

6 Analysis of Differential Gene Networks

This section applies the GAP algorithm for analyzing a breast cancer dataset to identify
gene-gene interactions whose effect sizes have changed significantly between two groups of
patients. In clinical practice, it has been discovered that many prominent genomic markers
are useful predictors of breast cancer survival, and increasingly, pharmacogenomic endpoints
are being incorporated into the design of clinical trials (Olopade et al., 2008|). Empirical
evidence from model organisms and human studies suggests that gene-gene interactions

make an important contribution to total genetic variation of complex traits (Zerba et al.,
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Figure 4: FDR and Power comparisons on Gaussian Graphical Models between BH, 2G,
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20005 |[Marchini et al., 2005). However, most existing studies (Nathanson et al., 2001)
have only established molecular pathways of pathogenesis for breast cancer, and few have
investigated the interactions between genes, within and across pathways, that are associated
with breast cancer survival.

Our analysis focuses on 32 pathways related to breast cancer survival (a total of 754
genes) based on the molecular signature database. This leads to (734) = 283881 pairs of
potential gene-gene interactions. We consider two types of survivors in the study: 78 short
term survivors who died within 5 years; and 69 long term survivors who have survived
more than 10 years. Previous studies [Segal et al.| (2003); Dobra et al.| (2004)] revealed that
transcriptional regulation of a single gene is generally defined by a small set of regulatory
elements; hence we assume that the gene-gene interactions in the selected pathways are
sparse, and propose to use an auxiliary sequence to capture the sparsity information in
the data. Our goal is to identify gene-gene interactions that have significant changes of
magnitude between the two types of survivors; this leads to a two-sample multiple testing
problem as formulated in . We apply BH, 2G and GAP to carry out the analysis.

The BH procedure identifies 6 pairs of genes with significant changes in interaction
at the FDR level of 0.1. For the 2G method, we first construct auxiliary statistics using
the formulae in Section and then divide the m pairs of genes into two groups. By
setting the same FDR level for both groups, 2G identifies 15 pairs of genes. Finally we
apply the GAP procedure by dividing the pairs into three groups and set up the FDR
level for each group adaptively based on the non-null proportions. The data-driven cutoffs
in Step 1 of GAP are A\ = —3.9 and Ay = —1.3, resulting in three groups with sizes
|G1| = 346, |G2| = 35086 and |G3| = 248449, respectively. Group G; has the highest non-
null proportions and is assigned with the highest weight wy = 176.17. The GAP procedure
selected 6 pairs of genes out of Gy, whereas both BH procedure and 2G did not select any
from this group. Group Go has the second highest non-null proportions and is assigned the
weight of we = 5.25. GAP selected 13 pairs of genes from this group, again greater than
the number of pairs selected by both 2G and BH. Finally, G3 has the lowest proportion of

non-nulls, and is assigned with the weight of w3 = 0.16. All three methods selected 3 pairs
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of genes from G3. In summary, the GAP procedure identifies 22 pairs of significant changes
in interactions by combing all three groups.

If we set the FDR level at 0.05, then BH cannot identify any pairs of genes, 2G identifies
7 pairs, and GAP identifies 11 pairs. The above analysis has illustrated that the GAP
procedure helps to discover more interactions. Nonetheless it is necessary to point out that
more rejections do not always correspond to greater power of making true discoveries. The
power gain should be corroborated by carefully designed new biological studies to replicate

these findings.

7 Discussion

This paper develops a general framework for information pooling in two-sample sparse
inference. The framework is illustrated and applied to different examples with various de-
pendence structures, including testing multivariate normal means, high-dimensional linear
regression, differential covariance or correlation matrices, and Gaussian graphical models.
It is shown that the GAP procedure, which effectively exploits the auxiliary information on
the sparsity structure of the data, controls the FDR at the nominal level and outperforms
existing FDR methods in power.

Although the grouping and weighting strategy provides a powerful tool to capture the
structural information in the data, the proposed GAP framework has several limitations.
First, the grouping step involves the discretization of a continuous variable, which fails to
fully utilize the auxiliary information and lead to some information loss. Creating more
groups would reduce the information loss. However, the GAP framework cannot handle
too many groups due to the increased computational burden (in searching for the optimal
cutoffs) and the decreased accuracy of the proportion estimates. The study of the optimal
tradeoffs between grouping, computation and estimation is an interesting but complicated
problem. Finally, it remains an open issue regarding whether our proposed weights are
optimal. Intuitively, the weights only encode the sparsity structure, but other structural

or side information, such as prior knowledge, heteroscedasticity, clustering and hierarchical
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structures may also be helpful in improving the efficiency in large-scale statistical inference.
Much research is still needed for developing new strategies that fully capture various aux-
iliary information alongside the primary data and optimally incorporate such information

into existing multiple testing procedures.
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Supplementary Material for “GAP: A General Framework for

Information Pooling in Two-Sample Sparse Inference”

This supplement contains the derivation of power formulas (Section A) and the proofs

of all theoretical results in the main text (Section B).

A The power formulas for GAP and BH

In this section, we derive explicit formulas to characterize the power gain of GAP over
BH in an idealized setting, where several simplifications were made including (i) the test
statistics are independent; (ii) the conditional distributions of 7} are not affected by S;; and
(iii) the conditional proportions are known (in practice they can be estimated consistently

under independence).

A.1 Theoretical setup

A key feature in the two-sample testing problem is that there exists an auxiliary statistic
S; that encodes the sparsity information. This motivates us to define the conditional
proportion w(s) = P(6; = 1|S; = s) to reflect the heterogeneity across different testing

units. We further assume that fyo(t) and fi(¢) remain the same for all s:

f1Si = s) = {(1 = 7(s)} folt) + m(s) f1(2)- (A.1)

Remark 1 Condition A.1 implies that .S; only affects the distribution of T; via the con-
ditional proportion 7(s). We stress that (A.1) is used to simplify our analysis and that
GAP only requires that T; and S; are conditionally independent under the null (Condition
A3 in Section 3 of the main text), which is less stringent than (A.1). By contrast, (A.1)
essentially requires that T; and S; are conditionally independent under both the null and
alternative. Moreover, Condition A3 holds asymptotically by construction whereas (A.1)

may be violated in some applications.



Suppose that the number of groups is K. GAP searches “optimal” cutoffs A1, -+ , Ag_1
to maximize the number of rejections subject to the FDR constraint. Let A\g = —oo and

A = 0o. The density functions for separate groups are thus given by:

fe(t) = (L —me) fo(t) + me fr(t), k=1, K,

where 73, = f/\’\k: m(s)dF'(s) and F(s) is the CDF of S;. When p-values are used in analysis,

the corresponding CDFs for separate groups are given by
Hy(z) = (1 —mp)x + mpHpr (x), k=1,---, K.

Combining all groups (or ignoring S;), let H(z) = (1—m)x+mH;(z) denote the marginal
distribution of the p-value, where m = [ 7(s)dF(s) is the (overall) non-null proportion. The

asymptotic p-value threshold of the BH procedure (as m — o) is given by
tpry = Q L(a) =sup{z: Q(z) < al, (A.2)

where Q(x) = x/H(z). With this asymptotic threshold, the power of the BH procedure

can be calculated as

Upn(tpn) = Hi(teH)- (A.3)

Consider the weights {wy : k = 1,--- , K} defined in Section 2.2 in the paper. Define

the ratio of total number of tests to the total non-null versus null proportion ratios

m

S Sk T/ (L= ) I € Gi)

Then we have wy = (rmg)/(1 — 7). This ensures that the total weights sum up to m.
Under independence, consistent estimators for the conditional proportions may be con-

structed [e.g. using the method in Jin and Cai (2007)]. Hence, to simplify the analysis, we

use the true conditional proportions in place of the estimated proportions in later calcula-

tions. Let m; « = Zle Tl (1 € G) and w; 4 = Eszl wiI(i € Gg).



Remark 2 The conditional proportions and corresponding weights depend on the grouping
cutoffs (A1, -+, Ax—1). The notations 7; , and w; , should be understood as m; « (A1, -+, Ax—1)
and w; «(A1,-- -, Ax—1). We use the simplified notations 7; ., and w; . in later discussions

when there is no confusion.

The limiting value of the FDR of GAP with threshold ¢ can be derived as

Tt
rat+m=t Y w s Hy (wiat)

Qaapr(t A1, -+ Ak—1) = (A.4)

with the corresponding power given by

m
Taap(t A1, Ag—1) = (mm) ™1 Z i H1 (Wi «t).
=1

The optimal grouping for a given threshold ¢ is therefore determined by

(A1, s Ag—1) = argmaxy, .y, {%GAp(t AL, A1)t Qaap(t) < .

The corresponding conditional proportions and weights are denoted 7; and w;, respectively.

Define the FDR and power of GAP with the optimal grouping as

rat
rat +m~1! Z;’;l 7, Hq (’lf)z't) ’

Qcap(t)
Taap(t) = m ') &Hi ().
=1

A.2 GAP dominates BH in power asymptotically

Assume that t — Hi(t) is concave and x — Hi(t/z) is convex for x > ¢, where t =
(1 — 7))t min{m; (1 — m),i = 1,...,m}. Let thy = =Ttpy denote the adjusted BH

threshold for the GAP procedure. Then we have

Claim A.1 QGAP (t*BH) < a, \iJGAp (t*BH) > \I’BH(tBH)- (A.5)



Therefore the BH procedure is uniformly dominated by the GAP procedure in the asymp-
totic setup considered in Section A.1 . The second result in Claim A.1 Waap(thy) —
Upp(ta) > 0 can be proved using Jensen’s inequality as done in Hu et al. (2010). Mean-

while, we conclude from the second result in Claim A.1 and Equation A.4 that

Qcap(tpn) < @Bu(tpH) = (1 — 7)o

Note that GAP utilizes BH in the pooling step, and the operation of BH implies that

taap = sup{z : Qaap(z) < a} > thy.

We conclude that ‘i/GAP(t(;AP) > \i/(;Ap(t*BH) > Upy(tpn), with the asymptotic difference
in power given by

(mm)™' > #H (@itaap) — Hi(ten). (A.6)
=1

A.3 Quantifying the gap under a concrete model.

Consider a two-point Gaussian mixture model. Assume that Y g ~ N(B4, 1), where ;1 =0
for 1 <i<m, B2 =po for 1 <i<mq,and B;2 =0form; +1<7<m.
We first derive the asymptotic p-value threshold for the BH procedure at FDR level a.

The p-value CDF for T; is given by
H(w) = (L= m)a+ 7 {® (2 + 0/V2) + @ (=200 — 10/ V2) } .

Let Q(x) = z/H(x). Then the BH threshold is tpy = Q '(a), which can be solved
numerically using the uniroot function in R. It is easy to see that the FDR level of the BH
procedure is given by (1 — 7)a.

The primary and auxiliary statistics are

1

T; (Yip—Yi1), Si= (Yie +Yi1). (A7)

S

1
V2



For this special data structure, the conditional proportion can be easily computed as

where f(s) is the marginal density of S; and fi(s) is the conditional density of S; given
f; = 1. Suppose the cutoff is A, then the proportion of non-null cases in Gy is m =
TP ( — %) /k1, where @ is the CDF of a standard normal variable, and 1 is the expected
proportion of tests that is contained in Gi:

K1 = /; F(s)ds = (1 — M)®(\) + 7 ( - \‘%) .

Correspondingly, we have the proportion of non-nulls in Go: 3 =7 {1 - o <)\ — %) } /K2,
with k9 = 1 — k1. Now we evaluate the power of the GAP procedure with A\ as the cutoff

for grouping and t%;; as the threshold for the weighted p-values:

Wane(tiui ) = @ (A= 22 ) Hwntin) + {1 @ (A= 20) b (watiz),

where

(1 ) 2 1
N -7 KT

t = t r =

BH o UBH, { § 1 z} )

I=1
Hj is the alternative CDF of the p-value, and w; and wy are the weights according to the

definitions in the paper:

9 -1

KT 0y

w {Zl—m} 1—m’ ’
=1

The optimal A can be solved using R function optimize.

If we use in the GAP procedure (i) the grouping based on A and (ii) t%,; as the threshold

for the weighted p-values, then the corresponding FDR level is given by

(1 —7m)tpy

Qear(tym\) = =
BH (1 —m)tpy + m¥qap (s A)




It is important to note that the actual GAP procedure has a larger threshold tg4p, which
is intractable even in this simple model. We have used t};; as a conservative estimate of
tgap. Comparing with Equation (A.6), the actual gap in power must be bounded below
by the following difference

Vear(tsr: A) — YBH(tBH)-

We have illustrated the power functions of GAP vs. BH numerically for a range of pg and

7 in Figure 1 in Section 3 of the main text.

Remark 3 To simplify the discussion, we have used two groups in this simple illustration.

In practice, we recommend using 3 or 4 groups, which would lead to even large power gains.

B Proofs

B.1 Technical Lemmas

For d = 1,2, let Wi,d = f’i’d/&%@d and let Ui,d = ngl ZZil{ek,dnk,i,d — E(fk,dnk,i,d)} and

Ui’d =Bia+Uia/ Ufh ,- The following lemma is essentially proved in Liu and Luo (2014).
Lemma 1 Suppose that Conditions (C1), (C3), (4.14) and (4.15) hold. Then for any
constant M > 0, there exists some by, n, satisfying by, n = o{(nqlog m)_1/2}, such that,

B(Wia — {Tsa + (52,/0%, + 52, /0%, — DBia}] > b n) = O(m™™),

Ni,d

~2 _ —1ywm N2 o2 =2 1\ SN2 g =
where 67, = ng~ Y ;2 (€gqg — €a)” and Oy = Mg Yot (Mkid — Mid)” with €gq =

-1 n — -1 n
Mg Doty €k and Mg = ng- 3 12 Mhid-
-1 n 7
For d = 1,2, let Ui,j,d = Ny Zkil(ek,i,dek,j,d — Eek‘,i,dek,j,d)v and define Ui,j,d =

(rija—Uija)/(risarja) for 1 <i < j <pand Up;q = (riia+Uiia)/(riiariia). The

following Lemma is proved in Xia et al. (2015).

Lemma 2 Under the regularity conditions in Xia et al. (2015) such that equations (4) and

(5) in Xia et al. (2015) are satisfied with probability greater or equal than 1 — O(m~M)



for any constant M > 0. Then for any constant M > 0, there exists some by, p, satisfying

bim.n = of(nglog m)~Y2}, such that,
P(‘fi,j,d - {Ui,j’d + (wi,i,d&i,i7d,e + Wj,j,d&j,j,d,e — 1)Ti7j7d}| > bm,n) — O(m_M)7

and

P(’f’;;d - Ui,i,d| > bm,n) = O(m_M),

where (a—i,j,d,e) = (l/nd) ZZil(ek,d — Ed)(ek,d — €d>T, €xd = (fk,l,cb ey €k,p,d) and €5 =

-1 n,
na” gLy €kd-

We next introduce a lemma which provides an equivalent procedure to the BH proce-
dure, based on the z-values, so that the dependence among the tests can be more easily
analyzed. Define G(t) = 2(1 — ®(¢)) and let the z-value Z; = ®~1(1 — p;/2), i = 1,...,m,

where ®(-) is the standard normal cumulative distribution function.

Algorithm 1 Equivalent BH Procedure

1: For given 0 < a < 1, calculate

mG(t) <
max (S, 1(Zi = 0,1 =

2: For 1 <7 < m, reject the null hypotheses for which Z; > t.

t=inf{t >0: al. (B.8)

Lemma 3 Algorithm 1 is equivalent to the BH procedure.

Proof of Lemma 3: Recall that, the BH procedure is based on the p-values p1, p2, . .., Pm-
To determine which null hypotheses are true and which are false, it first orders the p-values

P(1) < -+ < p(m) and then rejects all the null hypotheses Hp; for which p; < P(iy» where
k=max{l <i<m: Py < ai/m}. (B.9)
If k does not exist, then no hypothesis is rejected. By defining p) = 0, we have

k=max{0<i<m: mp(;)/ max{i, 1} < a}.

7



Let t; = ®1(1 —p(;c)/Q). Then we have p;, = G(t;). Thus we have

(k)
mG(tk) B mp(];)

m = S (6%
max{} ;" I(Z; = t;),1}  max{k,1}

Similarly, let t; , = o1 —p(fcﬂ)/Z) < tj, and we have p ;) = G(t;,1)- Then it can be

shown that
mG(t;, 1) . MP (15

> min —_—
max{zznzl I(Zz > t];+1)7 1} Cj=l,..m—k max{k + 7, 1}

Based on the definition of £ in (B.8) of Algorithm 1, there exists a sequence {t;} with ¢; > #

and t; — t, such that
mG(t)
" <a.
max{} ;% I(Z; = t),1}

Thus we have >_1", I(Z; > t;) < Y., I(Z; > t), which implies

mG(t) N
max{> 7", [(Z; > t),1} =
Let ¢; — ¢, we have
mG (1)
Q.

Thus we have t; <t < t;, where t is defined in (B.8). Hence, Algorithm 1 rejects the

k+1
null hypotheses for which Z; > ¢; and does not reject other nulls, and is thus equivalent to

the BH procedure. 1

Lemma 4 Letp,...,pn be the p-values for testing m null hypotheses, Ho 1, Ho 2, ..., Hom.
Define p = min{p;/q,1} for ¢ > 0, and let 2}’ be the corresponding z-values, for i =

1,...,m. Then, if 0 < g < 1, we have the density of z equal to

q9(z), if 2" #0,

0, if ;' =0,



with [*°_g(2)dzP =1, and if ¢ > 1,
qp(2Y), if |2 > (1 —1/(29)),
0, otherwise,

where ¢(-) is the standard normal probability density function.

Proof of Lemma 4: Because p; ~ Unif(0,1), if 0 < ¢ < 1, we have the density of p¥

satisfies

q, if0<py <1,
fi) =

oo, ifp¥ =1,

with ffooo f(p?)dpy =1. If ¢ > 1, we have

g, if0<p¥<1/q,
f(pi’) =

0, otherwise.

Thus, based on the definition of z{’, Lemma 4 is proved. 1

B.2 Proof of Proposition 2

Define
. 2 77 2
- Ul’l/o—ni,l UZ’Q/UWQ
T 2 2 1/2
(‘Tw,i,l + a’w,’i,Q) /

where o2, ; = Var(Uyq) = Var(exainia/oy, ) /na = (02, /oy, , + B74)/na, for d = 1,2. By

€d

Lemma 2 in Xia et al. (2015), under conditions (4.14) and (4.15), we have

P(wzd— 2|>C logm)—om”’),

ng

and

~2 2
P(m@ax ‘O—Wi,d B O”h‘,d‘ = ng



Thus we have

w,i,d — Yw,i,d
Nq

P(max|é}2 o2 .4 >C 1Ogm):O(m_M).

By Lemma 1 and conditions (4.14) and (4.15), we have

d

for some constant C' > 0, where by, = o{(logm)~/2}. Thus under (C1) and (C2), Propo-

E—{%+ fiQ )1/2}

2
(Uw,i,l t 0o

> Cbm> =0(m™M),

sition 2 is proved by central limit theorem. 1

B.3 Proof of Propositions 1 and 3

We prove Proposition 3 in this section, and Proposition 1 can be shown similarly. For

Proposition 3, it is enough to show that

b
2 2
(Uw,i,l + O-w7i,2)1/2

P(|T; — | > 1,18 > X\) = (1 +o(1)GE)P(IN(0,1) + s5] > \) + O(m™™M),

uniformly for 0 <t < 44y/logm, 0 < XA < 44/logm and ¢ = 1,...,m. The second part then
directly follows due to the fact that N is fixed. Note that G(t + o((logm)~/2))/G(t) =
1 + o(1) uniformly in 0 < t < ¢(logm)'/? for any constant c. By the proof of Proposition

2, it suffices to show that,

P(|Vi| > t,]S:] > A) = (1 + o(1))G()P(IN(0,1) 4 s;] > \) + O(m~M),

where

S — 722"1/&7271',1 + (03,72-,1/03)71»72)(72@2/(}7271_’2)
L .
\/‘73},@1(1 + 051/ 0)

By Lemma 1, it is enough to show that

P(|Vi| = £,1Qil = A) = (1 +o(1)GOP(IN(0,1)] > ) + O(m™),

10



uniformly for 0 <t < 44/logm and 0 < A < 44/logm, where

Ui,l/grzn,1 + (Uz%,i,l/U%u,i,Q)(Ui,Q/U%i,Q)
\/U%u,i,l(l + 0121;,1',1/012”,1',2)

Qi = )
Note that V; and @Q; are uncorrelated with each other.
Let ng/ny < K; with Ky > 1. Define Zj; = (n2/n1){€x1Mki1 — E(ek,mk,i,l)}/agi’l for

1<k<mngand Z; = —{ex2Mk,i2 — E(Gk,ﬂlk,z‘,Q)}/U?h’Q for ny +1 < k < ny. Thus we have

n1+n2
V= k=1 Zkvi
N 2.2 \1/2°
(n30s ;1 + 1504 ;5) /
Without loss of generality, we assume o2 = J,QH , = 1. Define

ni+nz 7
v — k=1 Zk,i
" (ndo? .| +ndo

2%w,i,1 T 1

wi2)

where Zy; = Ziil(| Zri| < 1n) — B{ZpiI(| 2] < 0)}, and 7, = (4K1/K)(log(m + n))'+e

for any sufficiently small € > 0. Note that, for any M > 0

ni+nz

max n” 2 > " B[ Zkl H{| Zril = 1}
k=1

1<i<m

< Cn'/? (| Zy 5| I{| Z0.i| >
<Cnll? _max - max E[|Zel{] Zkil > 7a}]

< (nl/2 -M , .
< On'2m+m) ™| max  max El|Z|expl(K/2)|Zl Y

< Cn?(m +n)™M.
Hence we have,

IP{ Vi > (1 _1}<IP’< Zi | > ): My
@%’fn‘v@ Vil > (logm)™" ¢ < 1%%)7(711§k1221x+n2‘ kil =) =0(m™M)

Similarly, define F; = (n2/n1){ex1mki1 — E(emnk,i,l)}/ogil for 1 <k <ny and Fy; =

(U%u,i,l/ff@?u,i,z){Ek,277k7i,2 - Ii3(61.37277;g7i,2)}/cr%i’2 for n; +1 < k < ny. Then we have

St B _
(n%aiﬂ»’l(l + 012”,@',1/0121),@2)1/2

Qi =

11



Without loss of generality, we assume o2, i1 = w ;.2- Define

R n1+n2F
Qi = 2 o
(n2 wzl(1+awzl/aw22)

where Fk,i = Fp il (|Fri| <) — E{Fi;I(|Fy;| <7n)}. Then we can similarly obtain that
IP’{ max |Q; — Qi| > (logm)_l} = O(m™M).
1<i<m
Thus, it suffices it is to show that

P(IVi] > 1,1Qil = A) = (1 +0(1))G(H)G(N) + O(m™M), (B.10)

uniformly for 0 <t < 4y/logm and 0 < A < 44/logm. Let

o Z,i Fk,z
Wi = 2 1/2° 2 2 2 172 (¢
(”2‘7w,i,1 + n2‘7w i 2) (”Ww,i,l(l + Uw,i,l/gw,i,Z)
Then we have

ni1+n2 ni+ng

P([Vi| > ,1Qi| > A) = P(jny /2 Z Wil 2 t,1ny " 3" Wial 2 A).

Then it follows from Theorem 1 in Zaitsev (1987) that

ni1+n2 n1+n2

ny '/* Z Wial > tny 7?3 Wial > A)

nl/2¢,

P(INy| >t — en(logm) Y2 [ Ny| > X — €, (logm) ?) + crexp{ — ———
camyn (logm)t/2

where ¢; > 0 and co > 0 are constants, €, — 0 which will be specified later and N =
(N1, N) is a normal random vector with E(IN) = 0 and Cov(N7, N2) = 0. Because logm =

o(n'/©) for some C' > 5, we can let €, — 0 sufficiently slowly that, for any large M > 0

n1/26
- =0(m™M).
C]_ G‘Xp { CQ’Tn(IOg m)1/2 (m )

12



Thus, we have

P(\Vi| > t,1Qi| = A) < P(INi| >t — €, (logm) ™"/, [Na| > A — €, (logm)~"/?) + O(m™ ).
Similarly, using Theorem 1 in Zaitsev (1987) again, we have

PVl > ,]Qil = A) = P(IN1] > t + en(logm)~"/2, [No| > A + en(logm) /%) — O(m™ ).
Thus (B.10) is proved, and thus Proposition 3 follows. 1

B.4 Proof of Theorem 1

Let 2 = & 1(1 — p¥/2), for i = 1,...,m. Let mg be the total number of true nulls and
mo1, ..., Mok be the number of true nulls for each group. Theorem 1 in Genovese et al.
(2006) states that, if the sum of the weights for independent p-values is equal to the total
number of hypotheses, the FDR can be controlled by applying the BH procedure. Since
Algorithm 1 is equivalent to the BH procedure, under the asymptotic independency in
(A3), by Theorem 1 in Genovese et al. (2006), we shall first show that it is enough to prove
that lel,...,K Dieno T(Ni—1 < Si < Ny 2" > t) is close to lel’m’K moP(z > t,i € G),
for each group G;, | = 1,..., K. That is, the method by using S; as grouping statistics
performs asymptotically the same as the case when the group information is known. We
will start with the independent case, and then show the dependent case. To prove the
dependent case, we will show that, within each group, the weighted z-values have the same
dependence structure as the original z-values, up to a constant. Finally, we divide the null
sets into small subsets and show that Zl:l,...,K ZieHo I(N—1 < Si < A,z > t) is close to
D=1, i ity PA-1 < Si <N,z > ).

Step 1: Let t,, = (2logm — 4loglogm)'/2. We show below that, based on the condition

on S,, the ¢ in Algorithm 1 is attained in the range [0,%,]. This range is essential for

13



showing the FDP control in equation (B.21). By the conditions of Theorem 1, we have

> H{IT| = (clogm)/?t/*} > {1/(x'a) + 5} (log m)*/?
1€H1

with probability going to one, for some constant ¢ > 0. Recall that 7; = (e V @7) A (1 —€)

-1
with € > m~C for some constant C' > 0 and that w; = {Z{il ﬁ;ﬁ} (17’17%), 1<I<K.

Then there exist constants C' > 0 such that w; > m~¢. Thus, for those indices i € H; such

that I{|T;] > (clogm)'/?tP/*} we have
P = pifw < (1= ®((clogm)*/%)) fwy = o(m™™),
for any constant M > 0. Thus we have

S {0 > 2logm) 2} > {1/(nY/2a) + 8} (log m)*?,

1<i<m

with probability going to one. Hence, with probability tending to one, we have

2m
< 2m{1/(x"/2a) + 5} (logm) >
Zlgigm I{zv > (2logm)1/2} — m{l/(m/“a) + 3} (logm)

Because 1 — ®(t,,) ~ 1/{(2m)/?t,,} exp(—t2,/2), by Lemma 3, it suffices to show that,
uniformly in 0 < t < ¢, and —4v/logm < A} < -+ < Ag_1 < 4+y/logm, there exists a
constant 0 < ¢ < 1, such that

lel,...,K ZieHo TNy <S5 < Ay 2 > t) — emoG(t)
emoG(t)

-0, (B.11)

in probability, where G(t) = 2(1 — ®(1)).

Step 2: We shall show below that, by the asymptotic independency between T; and S;
as described in (A3), it suffices to prove that D> _; > icq, [(Nim1 <8 < Ny 2l > 1) is
close to Zl:l,...,K mP(z" > t,i € G), for each group G;, [ = 1,..., K. By Assumption
(A3), we have that, uniformly in 0 < ¢t < t,, and —4/Togm < A\; < -+ < Ag_1 < 4y/Togm,

14



foreachl=1,..., K,

'Zz‘eﬂo PN < Si < A, 28 > t) —mP(2 > t,i € G) 0

moP(z > t,i € G)

Thus we have

— 0.

2oi=t, K Duiety FA-1 < Si <ALz 2 ) — 50, g mal(a 2 ti € Gy
S,k maP(zY > ti € Gy)

(B.12)
This shows that, by using S; as grouping statistics, the method performs asymptotically
the same as the case where the group information is known. We shall show below that
di=1,. i molP(z)" > t,i € G) is close to emoG(t), and thus by (B.12), > 5, 5 > gy, P(Ni-1 <
Si < A,z > t) is close to emoG(t). Hence it remains to prove that
t)

>
-1/ =0
>

t)

-----

in probability.

Step 2.1: We shall first show that >, - maP(2’ > t,i € G)) is close to cmoG(t). This
can be done by first considering the case when z” are independent; the argument is then
applied to the dependent case in Step 2.2.

According to Theorem 1 in Genovese et al. (2006), we have that, with the known
group information and assume the original p-values of the null hypotheses are uniformly
distributed, the procedure by applying BH procedure on the weighted p-values controls the
FDR at level amg/m. That is, if

k = max{i : p(j) < ia/m},

and we reject all £ hypotheses associated with pq(‘i), ceey pq(‘]’f), then we have

E Zie?—[o I(piu < pq(l;g))
max{ ) <icp 1P} < P3y); 1}

) < amgy/m.

15



By the definition of z}”, it is equivalent to find

2m(1 — ®(t)) < al, (B.13)

t =inf{t >0, <
maX{ZlgiSm I(ZZU 2 t)7 1}

and reject all hypotheses with 2% > ¢. This yields that

E ( ZZE'HO I(Zw

! ~ < amg/m.
(D i 15 zw,l}) = amo/

The ideal choice of the thresholding value ¢° in order to control the above FDR is that

t° = inf{t > 0,

It is easy to show that, under independence of z”,

D=k 2icn LG 261 €G) = 3y gk molP(z > ti € G
S,k maP(z > ti € G)

—0

in probability, a good estimate of t° would be

=1k molP(zf >t € Gy)
Diciem 1z >t € Gy)

= inf{t > 0, < a}. (B.14)

By rejecting all hypotheses with z” > t°, we have

E( Eie?—to I(z} > & ) )
max{}" ) c;c,, [(z > 1°),1}

This shows that the procedure (B.13) by applying the normal tail approximation on all

hypotheses, is more conservative than the procedure (B.14), which uses different tail prob-
ability of z}" for each individual group. Thus, for any grouping method with number of true

nulls mg1,..., Mok, there exists a constant 0 < ¢ < 1, such that, uniformly in 0 <t < t,,

and —4+v/logm < \; < -+ < Ag—1 < 44/logm,

>oi=1,. Mo (2" > t,i € Gi) — emoG(t)
emoG(t)

— 0,
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where G(t) = 2(1 — ®(1)).

Step 2.2: Based on the above result obtained through the independent case, we then
show that it is enough to show that >, _; > cq I(Nim1 < Si < A, 2 > 1) is close to
D=1, i Diery P(Ni—1 < Si < A,z > ). Under (Al), the p-values are asymptotically
uniformly distributed under the null. Thus, by (B.12), there exists a constant 0 < ¢ < 1,

such that, uniformly in 0 <t <t,, and —4y/logm < A1 < --- < Ag_1 < 4/logm, we have

D=, KZzEHO PN < S5 < A, 28 > t) — emoG(t)
emoG(t)

Hence, to prove the FDR control of Theorem 1, it suffices to show that, under the
conditions of Theorem 1, that is, when {Z;,i = 1,...,m}, before applying weighting, are

weakly dependent with each other,

-1

B , N1 < S <A,z >t
21_1,...,1(216%0 (A b ; 2 — 0, (B.15)

Doim1 i Dier, Pi—1 < 8i < Al» t)

in probability, uniformly in 0 < ¢t < ¢, and —4v/logm < \; < --- < Ag_1 < 4y/logm. Let
H,o be any subset of Hg such that Ho = Ho\A-, with any set A satisfying |A-NHo| = o(m")
for any v > 0. Let g = |Ho N G|. By the proof of Theorem 4 in Xia et al. (2018), it

suffices to show that

Zl:l,...,K Zieﬂo{l()\l—l < S5 < )\Z,Z;w > t) — ]P()\l—l <5 < )\l,z;" > t)}
Do,k 2ier, PN < Si <ALz > )

— 0, (B.16)

in probability, uniformly in 0 <t < t,, and —4y/logm < A1 < --- < Ag_1 < 4/logm.
Step 3: To show equation (B.16), we further develop it by the following steps.
Step 3.1: We first work on the truncation of the statistics, so that it is close to the

original statistics and at the mean time the normal approximation can be applied. Define

ZZ:1 Zk,i
Var(3 iy Zia)'/?

V, =

17



and define
S Zi
Var(3h_y Zri)'/?

where ZAIM- = Zyil(|Zki| < ™) —E{Zyil(|Z};| < ™)}, and 7, can be chosen such that,

-

under the conditions of Theorem 1,

max | Z; — |Vil| = op{(logm)~"/?},
1€Ho

similarly as shown in the proof of Proposition 3.

Step 3.2: We show next that, within each group, the weighted z-values share the same
correlation structure as the original z-values. For the simplicity of notation, we let V; = V.
Define V¥ = &~ 1(1 — (1 — ®(|Vi]))/w;), for i € G;, I = 1,..., K. Due to the fact that
€ < m < 1—¢, we have,

m~¢ <w; < m.

Thus we have V;* = Op((logm)'/?). Because G(t + o((logm)~/2))/G(t) = 1 + o(1) uni-

1/2

formly in 0 <t < ¢(logm)'/# for any constant ¢, we have

max |2 — [V;"|| = op{(logm)~"/?}.
1€Ho

Thus, by the proofs of Propositions 2 and 3, it suffices to show that

2=t K Duietg L (Ai—1 < Si <AL [V 2 8) — PNy < 85 <A [Vi¥] 2 1)}
Zl:l,...,K Zie?—lo IP>()\l—1 < S < A ‘Vlw| > t)

— 0,
(B.17)
in probability, uniformly in 0 < t < ¢, and —4y/logm < A} < --- < Ag_1 < 4y/logm.
Define Xy, be the covariance matrix of {V;,i € Ho N G}, and Yy be the covariance
matrix of {V¥,i € Ho N G;}. By Lemma 4, we have that, Yyw = DiEy; Dy, where Dy =
diag(dy, ..., dm,,) is a diagonal matrix, with 0 < d; < oo. Thus, {V;*,i € Ho N Gi} has the
same correlation structure as {V;,i € Ho NG}, foreach I =1,..., K.
Step 3.3: Finally, we divide pairs of the null sets into small subsets: the pairs share

same indices Ho1, the set of highly correlated pairs Ho2 and the set of weakly correlated
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pairs 7—203. We shall show that the first two subsets are negligible, while 7:103 performs the
dominant role, see (B.21).

Let 0 <tg<t1 < ---<tp=tysuchthatt,—t,_ 1 =v,forl <, <b—1andt,—t)_1 <
U, where v, = 1/+/logm(logy m). Thus we have b ~ t,, /v;,. Let Wy(t) = P(|V¥| > t,i €
G). For any t such that t, 1 <t < t,, due to the fact that G(t + o((logm)~'/?))/G(t) =
1 + o(1) uniformly in 0 < t < ¢(logm)'/? for any constant ¢, by Lemma 4 and (B.12), we

have

Dieity L1 < Si <N, V[ 2 1) (1) < Dictig TN—1 < S < N [V 2 1)

mo¥(t,) Uy (t—1) — oW (t)
- Dicrio TN < S <ALV = tma) Wy (t, 1)
- mo Vi (t—1) U (t,)

Thus it suffices to prove that, for each [ =1,... K,

Dictio TN < S < N V| = t) — morW(tL)
doi=1,..x morVi(t,)

max
0<e<b

— 0,

in probability. Thus, by assumption (A3), it suffices to show, for any € > 0,
Yicro N1 <8 <ALV 2 1) —P(N—1 <S5 <ALV > 1)}

/0 P{ 21, ot Y(t)
— o(vm). (B.18)

> e pdt

Note that

2

oW (t)

=) {P()\zq <8 <A VP =t N <S5 <A [V > 1)
i,j€7:lo

~TI v <si<amlvilzo}b /{3 mozqfl(t)f.
I=1,....K

b=i,j

E‘ Sic {INo1 < Si < AL VP 2 8) = P(N1 < 8i < A, [V > 1)}

Recall that T;(v) = {j : 1 < j < p,|pij| > (logm)~2>77}. Then we divides the indices
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i,j € Ho into the following three subsets:

Ho = {i,j € Hoi=j},
Hor = {i,j € Ho,i € T;(7), or j € Ty(7)},
Hos = {(i,4),4,5 € Ho} \ (Ho1 UHoa).

Then we have

Z {P()\l,1 < S < A, ’VZw‘ >t AN < Sj < A, ’V}w‘ > t)
i,j€7:l01

P <5<V =0} /1Y menn)
K

I=1,...,
C
< — . B.19
B 21:1,...,1( oW (t) ( )
By the condition that maxj<j<m [I'i(7)| < C for some constant C' > 0, we have
3 {P(AH < S <ALV =t o < Sp < N, [V > t)
i,j€7:l02
~ 2
— H P()\l,1 < Sb < )\l, ’wa| > t)}/{ Z moqul(t)}
b=i,j =1,...K
C
(B.20)

< _ .
T e,k marVi(t)

It remains to consider the subset Hos, in which (S;, V") and (S}, V) are weakly correlated

with each other. It is easy to check that,

max P(A—1 <8 <AL [V >t o1 <S5 <AL [V 2 1)
1,J€H03

= (14 0{(logm)~t}) H P(A\i—1 < Sp < A, V7 2 ).
b=i,j
Thus we have

> PO < Si< M V0] = A < S5 < ALV 2 )
i,j€7:l03
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— H P()\l—l < Sb < )\1, ‘wa| > t)}/{ Z mOl\I/l(t)}Q
bei I=1,..,.K
= O{(lojg m) 7} (B.21)

Combining (B.19), (B.20) and (B.21), we prove (B.18). So we have

. Domt i Qe Tm1 < S < NGV > t) =302 o Pa(t)
max =
0<:.<b Zl:l,...,K mo ¥ (t,)

— 0,

Thus Theorem 1 is proved. |

B.5 Proof of Theorem 2

BH is the special one group scenario in the GAP procedure, in which case, we have p}’ = p;,
for : =1,...,m. Due to the fact that the proof of Theorem 1 also holds for the one group

case, we have, for any € > 0,

’ZzG’HO ‘Z| >t

0 —1‘26)—>0.

( sup
0<t<t s,

Let o/ = amg/m. Based on the definition of BH procedure, we then have, for any € > 0,

IP(‘FDPBH

o —1‘26)—)0.

By (B.18) in Theorem 1, we also have, for any ¢ > 0,

FDP,
P(|=—HE —1] = ) 0,
co
for some constant 0 < ¢ < 1. Because GAP searches on all possible {A1,...,Axg_1} and

choose the one with largest number of rejections, namely,

> Iy < Plwy) 2 > Ipi < pgy); (B.22)

1€H 1€H
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thus, we have
Zie?—h I(p} < p?;;w)) S Zz‘e?—h I(pi < p(;;))
M| - M

+ op(1). (B.23)

This yields that

Vaap > Ypr +o(l).

B.6 Additional Propositions and Proofs

Proposition 4 Under regularity conditions in Cai et al. (2013), {(T;,S:),1 < i < m}
defined in (4.17) satisfy Assumptions (A1) and (A3), namely, T; is asymptotically standard

normal under the null, and for any constant M > 0,
Prro, (T3] = ,18;] 2 A) = (1 +0(1))G)P(IN(0, 1) + 51| = A) + O(m™ ),

uniformly for 0 <t < 4y/logm, 0 < XA <4y/logm and i = 1,...,m, where s; = E(S;), and
for all 0 < 7 < 4N with fized N,

Pry, (IT3] > 1,1Si] < X)) = (1 + 0(1)GOP(IN(0, 1) + 55| < Aj) + O(m™),

uniformly for 0 < t < 4y/Togm and i € Ho, where Aj = (j/N)Iogm.

Proof: Recall that

3. _ A 31 4+ (62 .. /62 . )B:
= Bin1 Afza - and S, — Afz,l ( uizzl/ 1,1,22,2)5@21/2 l<i<m,
(6o i1+ 0uio) {601 (0464 ,1/04:2)}
with
ng
i,d = kya;,d — Lta;,d ki, d — Lb;,d)-
6 > Yo, .a)(Yh Yb,.d)
k=1

The result of Lemma 3 in Cai et al. (2013) yields that 7; satisfies Assumption (Al). For

Assumption (A3), it is enough to show that

Pro, (1T > 1,1 > X) = (1 +0(1))GOP(IN(0,1) + 51 > A) + O(m ™),
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uniformly for 0 <t < 4y/logm, 0 < XA < 44/logm and ¢ = 1,...,m. The second part then
directly follows due to the fact that N is fixed. Note that G(t + o((logm)~?))/G(t) =
1 + o(1) uniformly in 0 < t < ¢(logm)/? for any constant c. By Lemma 3 in Cai et al.

(2013), it suffices to show that,
P(|Vi| 2 £,1Qi| 2 A) = (1 +0(1))G(®)P(IN(0,1)] > A) + O(m ™),

where

B Bi1 — Biz _ Bin = Bin+(05,1/0%:2)(Biz — Big)
Vi= " 2 ~ijz> and Qi = ‘
(0,1 + Tuwi2) \/Gfu,m(l + 051/

w,i,1

Note that V; and @; are uncorrelated with each other.
Let ng/nl S Kl with K1 Z 1. Define Zkﬂ' = (nZ/nl){Yk,ai,lyk,bi,l _E(Yk,ai,lyk,bi,l)} for

1 <k <njand Zkﬂ' = _{Yk7ai72Yk7bi72 _E(Yk,ai,2yk,bi,2)} for n1 +1 < k < ng. Thus we have

ni+ng
=

Without loss of generality, we assume o2 = 07271_ , = 1. Define

ni+ng 7
Zkz:l Zi

2 2 2 2 \1/2°
<n2gw,i,1 + ”QUw,z',z) /

v —

where Zy; = Ziil(| Zri| < 7n) — B{ZkiI(| 2] < )}, and 7, = (4K /K)(log(m + n))'+e

for any sufficiently small € > 0. Note that, for any M > 0

ni+n2

max n /2 Z E[| Zx il I{|Z1i| > m0}]
k=1

1<i<m
<Cn'? m max E||Zy ;| I{|Zki| >
! 1§k§7%f('|‘n2 1§2'E%m H k’l| {| ka| = Tn}]

< 1/2 -M . .
< COnP(mn)=" max = max E[|Zy|exp{(K/2)| 2.

< Cn?(m +n)™M,

1
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Hence we have,

._A.> _1}< < > ): _M.
P, Vi Vi 2 Qo)™ <P | e Vil 27) = O ™)

Similarly, define Fkﬂ' = (nz/nl){Yk7ai71Yk7bi71 - E(Yk,ai,lyk,bi,l)} for 1 < k < s and Fkﬂ' =

(0—121),i71/0-’121}7i,2){Yk,ai,2Yk,bi,2 — E(Yk,ai,2Yk,bi,2)} for ni + 1 < k < ns. Then we have

ni+n2 .
Q' _ k=1 Fk?ﬂ
it = 2 9 2 2 \1/2°
(n3os i (Lt oo /om0
Without loss of generality, we assume 012”72-71 = 0121)72-72. Define
ni+n2
Q- _ Dk Fhi
;=

(”%‘7120,1',1(1 + 0121),1',1/0121),1‘,2)1/2.
where F;“ = Fyil(|Fri| < 1) — E{Fy;I(|Fs;i| <7)}. Then we can similarly obtain that
IP’{ max |Q; — Q;| > (log m)—l} = O(m™M).
1<i<m
Thus, it suffices it is to show that

B(Ti| > £,]Qi] > ) = (1 + o(1)GHGA) + O(m ™), (B.24)

uniformly for 0 <t < 4+/logm and 0 < A < 4+/logm. Let

W, Lii Fii
k= 2 2 1727 2 2 2 172 (-
(nooy, ;1 + 1207, 5) / (nooy, ;1 (L+0y,1/04.2) /
Then we have

ni1+ng ni+ng

P(Vil > £,]Qil > A) =P(Iny > Y Wil > t,[ny"* > Wial > 2.
k=1 k=1
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Then it follows from Theorem 1 in Zaitsev (1987) that

L 2n1+n2 L 2n1+n2
P(lny " " Waal > t0ny? Y Wial > )
k=1 k=1
_ _ n'/%e,
< P(|Ny| >t — en(logm) ™2, |Na| > X — en(logm) ™ 2) + ¢ exp{ " orrllog I (

where ¢; > 0 and ¢ > 0 are constants, €, — 0 which will be specified later and N =
(N1, N2) is a normal random vector with E(IN) = 0 and Cov(NV;, N2) = 0. Because logm =

o(nl/c) for some C' > 5, we can let €, — 0 sufficiently slowly that, for any large M > 0

nl/Zen

-y =0(m™M).
c1exp{ CQTn(logm)1/2} (m™™)

Thus, we have

P(\Vi| > ,1Qi| = A) S P(INi| >t — ex(logm) ™'/, |Na| > A = €, (logm)~"/2) + O(m™ ).
Similarly, using Theorem 1 in Zaitsev (1987) again, we have

P([Vi| > ,]Qil = A) = P(IN1] > ¢ + en(logm) /2, [No| > A + en(logm) /%) — O(m™ ).

Thus (B.24) is proved, and thus Proposition 4 follows. 1

Proposition 5 Under regularity conditions in Lemma 2, {(T;,S;),1 < i < m} defined in

(4.19) satisfy that, as ni,ng, m — 0o,

fi
T, — = N(0,1
' (0121;,1‘,1 + ‘7121),1‘,2)1/2 ©.1)
uniformly mi = 1, NS where fz = fai,bi with fi’j = 2{wi,j (6‘2',1"1,6 — 5‘1',1"2,6) + wi,j(&j,j,Le — 5']',]',276)},
(Gigde) =1yt Sopt (€ra—€d)(€ra—€d)Ts €kd = (€kids- - - €hpa)s and € = (1/nq) Y7L, €,

and for any constant M > 0,
. ( Ji

(Uz%;,i,l + 0121;,1‘,2)1/2

7”1._

>t,|Si| > A) = (1+0(1)G)P(N(0,1) 455 > N)+0(m™M),
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uniformly for 0 <t < 4y/logm, 0 < XA < 4y/logm and i =1,...,m. Furthermore, for all
0 <j <4N with fired N,

'

uniformly for 0 <t < 4y/logm andi=1,...,m, where \; = (j/N)y/logm.

fi

(0121;,1‘,1 + 0121;,1‘,2)1/2

T’i_

>8] < )\j> = (140(1))G(t)P(IN(0,1)+s;| < )\j)—i-O(m_M),

Proof: Recall that

31 — Bi Bin+(62,1/62 ,5)Biz
1= P 5o and S = o ( “i’;’l/ 1‘1’;’2) Sy 1<i<m,
(Gw,z}l + Uw,i,Z) {Uw,z‘,l(l + Uw,z‘,l/aw,m)}

where m = p(p—l)/2, Bi,d = fai,bi,d/(fai,aifbi,bi) and aﬁ),z‘,d = &2i7bi,d = (1+’A)’i27j7dfi,i,d/fj,j,d)/(ndfi,i,dfj,j,d)-
Let Vij = (Uij2—Uij1)/{Var(exii€xj1)/n1 + Var(eg ek j2) /na}'/?, where Var(eg; aex ja) =

Tiddld(1+ p?7j7d) with p?,j,d = 'yﬁjdm,i’d/rj’j’d. Note that the proof Lemma 2 yields that

P(max|&2 o2 .4 >C 1Ogm):O(m_M).

w,i,d ~ Yw,i,d ng

Hence, by Lemma 2, we have

d

for some constant C' > 0, where b,, = o{(logm)~/?}. The first part of Proposition 5 is

E_{‘/i+(g2. +f2—2. )1/2} =

w,t,1 w,t,2

then proved by central limit theorem, based on which, the second part follows based on the

proof of Proposition 4 by replacing Y}, 4 by €, 4 for d =1,2. 1§
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